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Molecular motors are known to have the
high efficiency of energy transformation in
the presence of thermal fluctuation[1]. Mo-
tivated by the surprising fact, recent stud-
ies of thermal ratchet models[2] are show-
ing how and when work should be extracted
from non-equilibrium fluctuations[3, 4, 5,
6, 7, 8, 9, 10]. One of the important
finding was brought by Magnasco[6] where
he studied the temperature dependence on
the fluctuation-induced current in a ratchet
(multistable) system and showed that the
current can generically be maximized in a
finite temperature. The interesting find-
ing has been interpreted that thermal fluc-
tuation is not harmful for the fluctuation-
induced work and even facilitates its effi-
ciency. We show, however, this interpreta-
tion turns out to be incorrect as soon as
we go into the realm of the energetics[11]:
the efficiency of energy transformation is
not maximized at finite temperature, even
in the same system[6] that Magnasco con-
sidered. The maximum efficiency is re-
alized in the absence of thermal fluctua-
tion. The result presents an open prob-
lem whether thermal fluctuation could facil-
itate the efficiency of energetic transforma-
tion from force-fluctuation into work.
Let us consider a forced ratchet system subject
Figure 1: Schematic illustration of the potential,
V (x) = V0(x) + VL(x). V0(x) is a piecewise linear
and periodic potential. VL(x) is a potential due to
the load, VL(x) = lx. The period of the potential
is λ = λ1 + λ2, and ∆ = λ1 − λ2(> 0) is a symme-
try breaking amplitude. For a finite work against
load, we assume the condition l ≤ A throughout
this paper.
to an external load:
dx
dt
= −
∂V0(x)
∂x
+ ξ(t) + F (t)−
∂VL(x)
∂x
, (1)
where x represents the state of the ratchet, V0(x)
is a periodic potential, ξ(t) is a thermal noise sat-
isfying < ξ(t)ξ(t′) >= 2kT δ(t − t′), ”< · >” is an
operator of ensemble average, F (t) is an external
fluctuation, F (t+τ) = F (t),
∫ τ
0 dtF (t) = 0, and VL
is a potential due to the load, ∂VL
∂x
= l > 0. The
geometry of the potential, V (x) = V0(x) + VL(x),
is displayed in Fig. 1. The ratchet system trans-
forms the external fluctuation into work (see, for
review, Ref[10]). The model[6] Magnasco discussed
is a special case of the present system, where the
external load is omitted. In general, Fokker-Planck
equation[13] of the system is written:
∂P (x,t)
∂t
+ ∂J(x,t)
∂x
= 0,
J = −kT ∂P (x,t)
∂x
+ {−∂V0(x)
∂x
+ F (t)− l}P (x, t),
(2)
where P (x, t) is a probability density and J(x, t) is a
probability current. If F (t) changes slowly enough,
P (x, t) could be treated as quasi-static. In such sit-
uation, J can be obtained in an analytical form. For
slowly changing fluctuation F (t) of square wave[6]
of amplitude A, we analytically obtain an average
current over the period of the fluctuation,
Jsqr =
1
2
[J(A) + J(−A)]. (3)
It is reported[6] in the operation of the ratchet
that ”there is a region of operating regime where
the efficiency is optimized at finite temperature.”
The result has been interpreted that the operation
of the forced thermal ratchet is helped by thermal
fluctuation. This discovery has been followed and
confirmed by many literatures (see the references
in Ref.[10]) with various situations. We first con-
firm the previous report and then analyze it ener-
getically. We can distinguish the behavior of the
current Jsqr on the temperature into three regimes,
(a) A < Q
λ1
+ l < Q
λ2
− l, (b) Q
λ1
+ l < A < Q
λ2
− l,
1
and (c) Q
λ1
+ l < Q
λ2
− l < A; whereas the distinc-
tion is not explicitly described in the paper[6]. In
regimes (a) and (b), Jsqr is certainly maximized at
finite temperature (Fig. 2a, b). In regime (c), Jsqr
is a monotonically decreasing function of the tem-
perature (Fig. 2c).
We have to notice at this stage that the
fluctuation-induced current J is not an energetic
quantity and therefore J is only the mimic of the
energetic efficiency. The lack of discussion of the
forced ratchet system by this real efficiency is at-
tributed to the lack of construction of energetics
of the systems described by Langevin or equiva-
lently by Fokker-Planck equations. Recently, an
energetics of these systems was constructed by
Sekimoto[11]. Therefore, we will go into the realm
of the energetics of the forced thermal ratchet, and
analyze the real efficiency.
According to the energetics[11], the input en-
ergy R per unit time from external force to the
ratchet and the work W per unit time that the
ratchet system extracts from the fluctuation into
the work are written respectively:
R[F (t)] =
1
tf − ti
∫ x=x(tf )
x=x(ti)
F (t)dx(t), (4)
W =
1
tf − ti
∫ x=x(tf )
x=x(ti)
dV (x(t)). (5)
For the square wave, they yield:
< Rsqr >=
1
2
[< R(A) > + < R(−A) >]
=
1
2
A[J(A)− J(−A)], (6)
< Wsqr >=
1
2
l[J(A) + J(−A)]. (7)
Therefore, we obtain the efficiency of the energy
transformation η:
η =
< Wsqr >
< Rsqr >
=
l[J(A) + J(−A)]
A[J(A)− J(−A)]
. (8)
Figure 2: Plot of the current Jsqr as a function of
kT/Q. The first regime (a), A < Q
λ1
+ l < Q
λ2
− l
(λ = 1.0, ∆ = 1.0, l = 0.01, A = 1.0); the second
regime (b), Q
λ1
+ l < A < Q
λ2
− l (λ = 1.0, ∆ =
1.0, l = 0.01, A = 1.2); and the third regime (c),
Q
λ1
+ l < Q
λ2
− l < A (λ = 1.0, ∆ = 0.6, l = 0.01,
A = 6.0). Regimes (a), (b) and (c) correspond to
the low, moderate and high amplitude forcing in the
description of Magnasco[6] respectively. In regimes
(a) and (b), increasing temperature results first in
a rise and then a fall in the current.
Because J(−A)
J(A) < 0, Eq. (8) is rewritten,
η =
l
A

1−
2|J(−A)
J(A) |
1 + |J(−A)
J(A) |

 . (9)
In the limit |J(−A)
J(A) | → 0, the maximum efficiency
of the energy transformation for given load l and
force amplitude A is realized: ηmax =
l
A
.
In Eq. (9), we can discuss the effect of thermal
fluctuation on the energetic efficiency of the forced
thermal ratchet. As demonstrated in Fig. 3, it is
proved that the efficiency is a decreasing function
of temperature in all the three regimes: Because,
|J(−A)
J(A) | is monotonically increasing function of the
temperature as found in Fig. 4, the efficiency η
is a decreasing function of the temperature. This
certainly shows that the presence of thermal fluctu-
ation does not help efficient energy transformation
by the ratchet, which is in contrast to the previous
interpretation that thermal fluctuation could facil-
itates the efficiency.
We can learn here that the efficiency should be
discussed energetically: The condition of maximum
current does not correspond to that of the maxi-
mum efficiency. The difference is attributed to the
observation that the efficiency is a ratio of the ex-
tracted work W to the consumed energy R. The
extracted workW is surely proportional to the cur-
rent Jsqr =
1
2 [J(A)+J(−A)] (Eq. 3). However, the
consumed energy is not a constant but varies sen-
sitively according to the condition. Therefore the
efficiency η is not simply proportional to the in-
duced current J . The important problem was left
for future study whether the existence of thermal
fluctuation could facilitate the efficiency of energy
transformation in more general forced ratchets.
Finally, we mention that the complementarity
relation[12] of the ratchet system. We found that
the maximum efficiency, ηmax = 1, can be realized
if all of the the following conditions are satisfied,
A → Q/λ1 + l+0 and Q→ +0 and T → 0. In this
limit, the speed of energy transformation goes to
zero. That is to say, this maximum efficiency of the
forced ratchet is realized in quasistatic process. As
we increase the velocity of this engine, the efficiency
is decreased. The result also emphasizes the impor-
tance of time scales of the operation of the ratchet
as Ju¨licher et al. pointed out[10]. Detailed analy-
sis of the loss of the efficiency may be analyzed by
Figure 3: Plot of the efficiency η as a function of
kT/Q. In each regime (a), (b) and (c), the con-
dition is the same as in Fig.2. In all the regimes,
increasing temperature results in decreasing the ef-
ficiency.
2
the formal theory of complementarity relation[12]
between the time lapse of thermodynamic process
and the irreversible heat.
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